H2 MATHEMATICS (9758)

TOPIC FUNCTIONS
1
(a) _ 3x+2 OR:
Y= 3x+2 5
y= =3+
yx—y=3x+2 x—1 x—1
(y=3)x=2+y yo3o—
y+2 x-1
xX=— 5
x—1l=——
y-3
() 5
x=1l+——
D, =R oo) y=3
_ 5
f 1()c):1+x_3 , Df,1 :Rf:(?;,oo

(b)

Df = (15 OO) Df—l = (3’00)
R;=(3,0) R, =(l,0)

y

»
»

From graph, f(x)=f"'(x) intersects at y = x

f(x):x
3x+2
=X
x—1
x*—4x-2=0

x_4ix/ﬁ

2
=2+.6

Since x >3, x:2+\/g

OR:
f(x)=1"(x)

3x+2  x+2

x—-1 x-3
(3x+2)(x—3):(x+2)(x—1)
2x° —8x—4=0

X' —4x-2=0



Jurong Room 2
Cross-Out


(a) Let y=3x+18.
2x-3

y(2x-3)=3x+18
2xy -3y =3x+18

2xy-3x=3y+18
x=3y+18
2y-3

_ 3x+18
() =53

(©) y




(a)
Y a
L5
4.5 ¢ y:f(x)
=4
> x
0

(b) Any 2 points with the same y-value, e.g. any 2 of

0,0), (m,0), (27,0)
(¢) From graph in part (a), R, =(4,5].

Since R, =(4,5]<[0,2n]=D,, the composite function gf exists.

)
y A
y=gx)
» X
0
(=077 N\e#(5,-0.959)
3r
(77_1)

Since R, =(4,5], we consider the graph of y=g(x) or y=sinx restricted to 4<x<5.

When 4<x<5, —1<g(x)<—0.757, so the range of gf is [-1,-0.757).



()

(b)

(©)

y=1f)

yv=k,keR
e

>
O X

Let y =f(x). From graph, since any horizontal line y=k, k€ R cuts y=f(x) at

most once, .. fis 1—1 and hence f™' exists. (shown)

y=In(x+1)>+2

(x+1)7=e"

L x=+/e’ 7 -1

2
=e? -1 (rejectx=—/e"* —1sincex >0)
x=2
L) =e? -1
fol :Rf 2[2900)

R, =D, =[0,0)

D.=R=R\{-]  y=g(x)

=
—>

Since R_, c D
f g >

. g 'f exists. j y=-1

Let y=—= x=-1
Yy x+1
xy+y=1-x
x(y+h)=1-y
D
o+l
-1 1 X
g ()=—7" x*=
X+ -1
\|y=g (x)
. B 1
USlng Rf—l _[O’OO) ™ — @ %“'\"_.'x:_]
restricted domain of g, y=-1
Rg—] :(_191] I

Hence Rg,lf,1 =(-1,1] x;=—l

(d)

1

2
e ]

gg 'f 1()c)=g(§)

1

g f(x)=

=2 1
o f (x)_%+1
fF ! (x) = f(%)

1
3

16

- x=1n(%+1)2+2=1n?+2
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() For -4<x<-1, f(x):—(x+1)2
Let y=—(x+l)2.

(x+1)2 =—y
x+1:iH
x:—li\/;

Since 4<x<-1, x:—l—\/;
For -1<x<2, f(x)=(x+1)’
Let y=(x+1).
(x+1)2 =y
x+1:i\/;
x:—li\/;

Since —1<x<2, x:—l+\/;

Thus,
f“() —1-+—x, forxeR,-9<x<0,
X)=
—1++/x, forxeR,0<x<9.
(ii) Y
(2,9) (9,9)

/_1‘,(9, 2)




(iii) For f(x)=f"(x), f(x)=x.
From the graph, intersection occurs for —4 < x <—1. Thus

—()c+1)2 =x
¥ +2x+1=—x

X’ +3x+1=0

L T3ENE 4

2
-3+4/5
X =
2
x=‘3‘2£ (x<-1)

Thus, for f(x)<f'(x), -4<x<

—3-+5
.



® ,
|
| Sy =x
| s
://// y= 4
““““““““““““““““““““““““ L ——
03 |
d |
40 7 (3,0) ¥
A=) |
e R I
7 04 o
The graphs of y =f (x) and y=f"' (x) are the reflections of each other about the line y =x.
(i) Rg=[4,0)

From graph, Rg; =[0,4)
(i) g(a)=f"(0)=—4

(iv)  Lety=x*+6x+5
y=x>+6x+5
y=(x+3)" -4
x+3=iJ;IZ
x=-3-\y+4 (rej +\/masx< —4)
h'(x)=-3-Jx+4
- =(3)

U



@) £x)=—=> whereDf:(—oo’_l)u(_l’ooj
Lety=f(x)
= al EJA}A
2x+1 i
2xy+y:—x
2y+l)=- » X
x@p+l)=-y S
=g |
2y+1 j 2
£ (y)=-=2 L
(y) 2y+1 2
f—] __ X
- (x) 2x+1

Domain of f! = Range of f= (— ,—%) u(—l,ooj
Or Domain of ! = R\{—%}

(ii) Method 1 - Hence

Since (x):—2 ad =
X+

f? (x):f(f'l(x))zx
Method 2 - Otherwise

£2(x)=f| —— j

2x+1

f (x) and the domains D; =D . are the same,

__ X 2x+1
S 2x+1 2x+(2x+1)

=X
(iii) f2023 (x) _ f(fzozz (x))



(iv) 1
g(x)z; where D, =(a,) y

Range of g = (O,izj

a

o—oO
+“—O0O———>» o
1\ T l\ L
-5 0 a_z
x=0

Since R, c D;, composite function fg exists.



(@)

(b)

(©)

(d)

Lety=—(e"’3—1)=1—e"‘3 wx<3
e =1-y
x=3+In(1-y)

f' x> 3+n(0-x), 0<x<lI

1 2
x=——=%,—+a
2 V4
1 1, 1 1,
X=——+,—+a or x=——-,—+4a
2 V4 2 V4
(rejected " x<0)
Rg:(—oo,az)
D, = (-,3]

Since R, < D, for 0 <a <1, therefore fg exist.

R, =(~0,a")— >R, =(1-¢"7,1)



(@)

(b)

(©)

f(x)=a+ _ e
(x+3)(x-1)

F/(x) = —3a [l(x -D+1(x+ 3)] _ 3a [2x + 2]
o [(x+3)x -] [(x+3)(x-D]

stationary point, ]
f'(x)=0

—6a[x+1]
=0=>x=-1

[(x+3)x-D]

: y‘k |

| I

| I

| I

| I

| I

| I

| I

| I

| |

| |

| |

I | B

| | y="1(x)
y=a - | I

_____________ . :

AR S

T (2/0) ; >

I | 'X

| I

| I

| I

| I

| I

| I

| I

| I

| |

| |

| |

| I

| I

| I

! I

X=- x=1

—3<x<-1



(d)

(e)

®

y="1'(x)

3a

x:2,y2a+m

8
=—a
5

R, =(a,ta]
For gg to exist, R, < D,.

Hence, the condition on a is a > 2.

[2,00) > (a,5a] > [g(5a),g(a))
Fora =35,

Sa)=o(8)=54— )
g(sa)—g(S)—5+(8+3)(8_l)
_ _ 3 <
8(@)=g(5) =5+ 3 =54

"R, =[5%,51)

gg 7

7

=51

(=

— 400
77

175

3

)
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@) y L x=b
4
———
o

f

D, =R\{b} and R, =R\{0}. Since R, £D, ff does not exist.

(b)(i)

R, :R\{O, b} =D, cD,
For gg:

gg(x)=g[}1:fb}

bZ
b2
x—b

bz(x—b)
b’ +b(x—b)
_blx-b)
“btx-b
_bx—b2
X

b

For g':

2

Lety=-
Y x—b

xy—by=-b
12
x:by b
y
-1 by—b2
g )=
(-2
_bx—b2

g (x)

Thus they have the same rule.

The range of g contains all the real numbers except 0 and

2

=b . Thus

(b)(ii) gg(x)=g"'(x)

g[ee(x)] =g (v)]
g'(x)=x

2024 =674%x3+2

g2024 (x) _ gg(x)

g2024 (2b) — gg(Zb)
b(26)-b

- 2b

=—b
2
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Let y= ax+b.
xX—a

xy—ay=ax+b

x(y—a)=ay+b
o ay+b
y—a
a7 )=
xX—a

f is self-inverse.

ax+b

Symmetrical about y = x.

R, =R\{a}
Since D,=R,R, cD,.

.. gf exists.

D,, =D, =R\{a}
R\{a} —L>R\{a}—£>(0,c)U(c,e) or (0,e)\{c}
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(a)

Y1z1s(X2-4X+5)

____’I/;.’\
t 7 t t + + ; +

1
f(x)= 5
x“—4ax+5a
Fi(x) = 2x—4a

2
(x2 —4dax + Saz)

For maximum point,

2x—4a _0
2 22
x“ —4ax+5a )
2x—4a=0
x=2a

Hence largest & =2a

Alternative method:

x% —4ax+5a°

= (x—2a)2 —(Za)2 +5q°
= (x - 2a)2 +a?

Since x =2a gives the minimum value of x* —4ax+5a°,
1

it gives the maximum value for f(x) = 3 5 -
x“ —4ax+5a

Hence largest & =2a
(b) When x=a,

1 1
fla)=— 22
a”—4a(a)+5a° 2a

From the graph, 0<f(x) < %
2a

1
v Rf ) (O, _j
24>

To show £ exists, Rp < Dy .

. 1 1 1 1
Slnce,a>1:>—<1:>—2<—:>—2<a,
a 2a 2 2a
1
Rf:[o’_]ngz —%,a).
0 (=, a)

Thus 2 exists. (Shown)



(c) 1

/1
x=2a+ |——a?
y
. 1 5
Since x <a,hence x=2a— |——a
y

Hence f_l(x) =2a—- l—a2
X

(d)
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() f(45)=f(41)=f(37)=

@ R, =[0.4]

> x
Gi) R, =[0,4]«D,=(0.1)
Hence, gf does not exist.
(iv) g:x|—>(x—l)2+2 forxeR, 0<x<1.
R, =(2,3)
fo(x)=2[ (x=1) +2]|-4=2(x-1)
Alternative Method

Let (fg)" (%) =a

fe(a) =~ y=2(x-1), 0<x<l
2 2_ )
2 1 x—l) )
2(a-1) =3 s
1=+ ¥
(a—l)zzi (=1)=2 2
B | S EN
(a—l)—E or - o 2
azi or 1 Si 0<x<l —1—«/1
> 5 nce x<lI, x= 3
) 1
Since D, =D, =(0,1), & =5 (fg)_1 (x) =1—\/§
(1]
0 2) 1
fg) () =1-\~L ==
(fe) ) S =3
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(a) y

> X
y=0
(b) Method 1: Graph
y
A
(2,7)  y=1()
(O y = 4
> X
y=0

The line y = 4 cuts the graph y = f(x) more than once. f is not one-one. Hence, f inverse does not
exist.

Method 2: Observation

f(1)=3+4(1)-(1)" =6

£(3)=3+4(3)-(3)" =6

Since f(1)=f(3), fis not one-one. f inverse does not exist.

(c) Largest k=2

(d) The graph of f™' is the reflection of the graph of f in the line y = x.



(e)

y=3¢"
=2
3

x= ln(gj since y >0

£ ()= 1n(§j, D, =R, =(0,3]

y=3+4x—x’
x*—4x+(y-3)=0
4+ 16-4(y-3)
X =
2
=2+7-y
Sincex<2, x=2—-/7-y
f'(x)=2-+7-x, D, =R; =(3,7)

1 1n(£j for0<x<3,
f7(x)= 3

2—-~7-x for3<x<7.
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()@@

(0.4) (4,4)

v

(2,0) X

The line y =2 cuts the graph of y =f(x) twice.

Hence f is not a one-one function and so £~ does not exist.
(@)@i) k=2
y=(x-2)
x=2—\/; or 2+\/; (rejectas 0 < x <2)
L fl(x)=2-+x, 0<x<4

(a)(iii) For composite fg to exist, R, < D,
From graph/observation, R, =(3,4] .
Hence, only second 'piece' of fis relevant: 3x—-8, 3<x<4

Therefore, fg:x —>3(e"+3)—-8, xeR, x<0
)@  £(25)
f(-8)

f(1+6x4)=f(1) =1
f(4-3x4)=1(4) =4

(b)(ii) y

(-6,4) (2,4) (10,4)

><V
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@
y
y=4
(2,1)
, : X
I G S (N0
y=-1
(ii)
y
y=4
v =|f)
y = 1 o) ik
\ \C2RY)
) / =
) 1

maximum a =1



(iii)

(iv)

x<1= g(x) :_[%(2)‘)—1}

|y
=1-1(2)

Letyzl—%(f)

2" =2(1-y)

x=log, (2(1-y))
x=1+log,(1-y)
Since x =g (),

s gl (y)=1+log,(1-y)
sg ' (x)=1+log,(1-x)

Dg,l = Rg = (0, 1)

f(x)=2

3 —
3x-5
13

=>4-

=X

fz(X) — —(24

2

3x—5j_1 forxeR,2£x<g,
3

-1 forxeR, x<2,

13

forxeR,xZ%.

forxeR,x<2,

forxeR,2£x<%,

forxe]R,xZ%.
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()

(b)

(©

(d)

2x—x*-28=8—(x—6)

Therefore the largest value of a = 6

Y A
/(5,7)
(4,4)
(0,21
=x
Lety=2+\/;
2
x=(y-2)
For 4<x<5
y=8—(x—6)
(x—6)" =8~y
x=618-y
Since x <5
x=6—48-y,4<y<7
_ (X—z)z, 2<x<4
e
6-~/8—x, 4<x<7

Since R, =(2,7]c D, =R", .. gfexists.

; Ya
(0,5]— (2,71 & [1,5]

R, =[1,5] (0,4) (7,5)

3.1

RV
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@ g(-2) -2b+c=17 =

1Y 1 3
a|—=| +=b+tc== =
2 2 4

a(5)2+5b+c:3 =

da—-2b+c=17
la+lb+c=§
4 2 4
25a+5b+c¢c=3
Using GC, a=1, b=-5,c=3.

y=x>-5x+3

(b) Let y=f(x)=x"-5x+3, x<0

y=x"-5x+3

4 2
x—§=i y+%
xz%i y+%
xz%— y+$ (since x<0)

(©)

(1)

~(2)

~(3)




(d) 0<x<m

—isicosxS—
2 2

0£§+—cosx£3
2 2

Since R, =[0,3]<[0,6)=D,, therefore the function gh exists.

D, —>» R, —%> R,,
[0,7] [0,3] [0,4]

Restricted domain of g
R, =[0,4]





