H2 MATHEMATICS (9758)

TOPIC INTEGRATION AND ITS APPLICATIONS
1
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(a)
3
J- 2x4 dx
1+x
_l 4x°
29 1+ x*
:lln|1+x4|+c
2
:lln(1+x4)+c since 1+x* >0
2
(b)

3 3 .
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0(x2+1) °(x2+l) do — =sec’d

0
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:J.04m2n—6)3 sec’ 6 do
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Z tan’ @
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(a)(ii)

(b)

1
Ixzx/x3 +1dx =%j3x2 (x +1) dx
3

s
:l —(x +1)2 +C

j_ole\/x3 +1dx
=J:01x3 XX +1dx

0
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Isec t dt

=tant+C
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cost dt

)e 242x dx
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— =cost
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J‘ 1 dx=. 1 %dz‘ x=tant=>x =1-u
x*x? +1 J X7+ de g_seczt

= ! (seczt)dt dr

tan t/tan® £ +1

o 1 )
= t)d
J tanzt(sect)(sec ) !

" sect

= —zdt
Jtan“ ¢

r 1 cos’t
=|l—— dr
J cost smn¢

* cost

=|——dt Alternatively,
J st

(cos l‘)(Sint)_2 dr J. C_Osztt dt = Icos ectcott dt
sin

(sint)_2+1 = —cosect+C
-

[S]

X 1+x

(b)) %(cosf) = —3x? sinx’
(b)(ii)
Ixs sin x° dx
= —%J.(xz')(—?)xz sin x3)dx
= —%[ﬁ cosx’ — J.3x2 cos x3dx}
- _x—3<:0s X +lj3x2 cosx’d
3 3

3
X 1 .
=—Z cosx’ +=sinx’+C
3 3
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d d(sinx
—(tanx):—( J
dx dx\ cosx

_ cos’ x —sinx(—sinx)

cos’ x
2 =2
_cos’ x+sin’ x
cos’ x
B 1

COS2 X

=sec’ x (shown)

(b)

. : COS X
sin2xcotx =2sin xcos x| —
sin x

=2co0s’ x (shown)

(©)

s 10x)tan(5x) dx = s
e s S

[
30 2€0s” 5x
:ljfsec25xdx

2%

=l-lji,‘?5SSec2 5x dx
30

=L[tan5x]§
10 i
1 7z Vs
=—| tan——tan—
10 3 6}
1 _f 1
10 }
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_
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(a)
jcotz 3x dx = Icosecz3x—l dx

_L 3cosec’3x dx— |1 dx
| I

:_co‘;3x_x+c

(b)
f4xz—4x+3dx "4x2;4x+8—5dx
, X" —4x+8 J, x"—4x+8
(‘¥ -4x+8 5
Jo X’ —4x+8 x*—4x+8
r4




J e [t ey,
25 (4+x7) )z (4427) dO

_ 2
= Lﬁez(—2coseczﬁ)d6’

= ———— = (-2cosec’d)dd
( )

2

2
= M(—Zcoseczﬁ)dﬁ
16cosec’d

2
:_ljﬂ—cot edﬁ
2

_ J 1 cot* @
2 )z cosec’d cosec’d

3

do

:—ljfsinzé—coszﬁde
25

=lj3cos2 0 —sin* 0 d6
25

T

:lJ‘Xcos 20 d@
2 i

3
_ 1 sin26 | 4
2 2 z

= %[sin 249]

Wy &N

x=2cotd

dr _ —2cosec’ @
do
Whenx=2, 2cotfd=2
cotd =1
tan@ =1
0==
4
When x =£,
3
cot@ =
tan @ =
0=



sin 2x
cos“ x+cosx+2

J
J

sin 2x dx
3 —du
cos” x+cosx+2 du

2sin xcos x (_ 1 jdu

cos’ x+cosx+2

sin x
-
B 22cosx du
J cos” x+cosx+2
("
B
Ju +u+?2
[ 2u+1-1
- —22u du
Ju +u+2
( 2u+1 1
- 2u - du
Ju +tu+2 u+u+?2
[ 2u+1 1
- Zu—du+ R e du
Ju tu+?2 ( 1) 7
u+—| +—
2 4
1
1 U+ —
—1n|u2+u+2|+ tan™! 2 l.c
7 7
4 4
1
9 U+—
=—ln(uz+u—i-2)+—tan’1 2 +C

N A N
o

:—ln(u2 +u+2)+itan*1 2u+1j+c

N W

2
In(cos* x+cosx+2 +—tan1(— +
< )+

U=COSX
du )
— =—sinx
dx

dx 1
du sin x
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“2x? —3x—2| dx
N |

- 02—(2x2—3x—2)dx+j2“(2x2—3x—2)dx

- %(4513 94> -12a +56) where k = 6
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i o x=2
J T N YT x4
LxT=2x+4 |
:J<2 2—x dx wym
A —2x+4 2
2 1 1
) —5(2x—2)+1dx
X2 —2x+4 y:ﬁ
) 5 x2—2x+4
i I
= zz;xdﬁj S B —
2) L. —2x+4 L(x—1) +3 2
2
L PSR O IS U GO
= 2[ln|x 2x+4|]_2+{\/§tan (\/gﬂ_z

—%[m 4-In12]+ {% tan”' (%J —%tanl (%ﬂ
(e (- (5)

gl

|

|
B | —
7\
U9 | =
N—

+
-
1
oy

|

|
Wy

1 1 (x

==In3+—| =

2" +ﬁ[2j

1 T 1 1
=—In3+—— where p =—, g =—— (shown
RN P=y0 4755 Chov
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(a)
3-2x

2 &
V84 2x—x?
2-2x 1
= + dx
j[J8+2x—x2 \/8+2x—x2J

:I(2—2x)(8+2x—x2)_;dx+“‘ﬁdx

1

1

2

—2/8+2x—x* +sin™! (XT_IJ +C

(b)

T

I ‘ sec 2x|tan 2x| dx

8

0 -~
6
=J‘ —sec2xtan2x dx+j sec2xtan2x dx

i 0

0 z
:—%J. 2sec2xtan2x dx+%J. 62se02xtan2x dx

T 0

= —%[sec 2x]f% + %[sec 2x]0%

_l 1 B 1 1 1 B 1
21| cos0 ( ﬁj 2 T cos(O)
cos _Z COS;

:1_\5}%[2—1]

y =sec2xtan2x

y =jec 2x‘tan 2x|




(©)

T

[

1

1+8cos” x

o3

v 0

o3

o0

o3

o0
o3

LAY

o3

1

dx

—_— — d¢
1+8cos’x dt

1

1
g

1+

SCCZX

1

sec’ x+8

1

tan’ x+1+8

1

tan” x +9

dr

dr

(sec2 X

dt

Ja

r=tanx
i=sec2x
dx 1
dr sec’x
When x =0,
Whenxz%,

t=tan0
t=0
T
t=tan—
3

-3
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()@ %[Sin1 (ez" )} = ;(ezx ) 2)= _2eT

(a)(ii)

2e +e* & J‘ 2e*

4x
det | —=— dx
V1-e* +.[ V1-e*
=sin”’ (e“ ) —% —4e* (1 —e¥ ); dx

[From (a)(®)]

=sin”’ (ez")él{(lﬂ)2 +c
[

a

N | =

! 2\/1—64““}—1-0

=sin™ (ezx ) 2

=sin™' (e“)—%\/l—e“ +c

(b)(i)
sin" 2 O cos’ O = sin" 2 9(1 —sin? 9)
=sin"?@-sin"@  (shown)
(b)(ii)
2 .
.[ sin” 6d6 u=sin""6 g—gzsinﬁ
% ! B (=1)sin" Ocosd — _cosO
— Osin8do dH_(n )sm cosSl 4— v =—Co0S

Vs z

sin”! 0 —cos 6’)}E —j 2 (—cos 9)[(71 —l)sin”f2 6 cos 9} de
0 0

Josm
-

=[0-0]+(n— I)I sin"% O cos® 0d6
0

T

=(n —1).[ *sin" 2 0 —sin" 6dO [from (i)]
0

T

:(n—l)jzsin"_zﬁdﬁ—(n—l)J2sin"l9dz9
0

0
njzsin" adez(n—1)j2 sin" 2 6dg

.[ 26in"0d0=""L? sin"20d0 (shown)



(b)(iii)

Substitute n=3,
T
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(a) Method 1: Using substitution

2

2 rl-e
e’ dr = e’ Ed
j () ) ey e

~l-c?

(&

1l
—
| =
N

A
—
& &

4 2
Zz—l[ln2—lnl]

4 2
:z—lln2

4 2

u=1-¢"
du
el
dx 1
du e

Whenx=1, wu=1-¢

Whenx=2, wu=1-¢?

u=tan"' x
du 1
dx 1+x%



(©)

Ty
%.. y=f(x)
-2 -1 0 1 2
a X
7
4
2 -1 1 B ’ ex
X = X X
'[_2|f( )|dx J_2|f( )|dx+J._1|tan1 |dx+ dx

(=)

dx + J._Ol|tan71 x| dx + '[; |tan*1 x| dx +J

1
2

ex

(<)

Jl (1)

2 X
2J.1tan1xdx—2J © dx
0
1

o)
- 2(%—%111 2)—2[%((1_62)‘2 _(1_6)-2)}

from part (a) from part (b)

dx

1

-2

=ma-(1-¢) +(1-¢)
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(@)

(b)

Width of each rectangle = 1
n
1
When x :l, y= = (Height of the 1% rectangle)
n 1)?
1+(3)
2
When x:%, y= = (Height of the 2" rectangle)
n 2)\?
1+(3)
...... .
When x = , V= = (Height of the n"™ rectangle)
n 1+ (2t
1 2 3 n—1
A:l n +l n 4+ — + n
Wiy ) W) o) e
_ 1 1 N 2 N 3 N n—1
TG G ) e
1 1 2 3 n-1
= +..+
n n’ +1° n’+2° n’+3° n2+(n—l)2
n’ n’ n’ n’
_Ayn 20 . 3 (n—1)n
n \/n2+12 \/n2+22 \6124_32 n2+(n—1)2
_1 2 3 (n-1)
— ot ———
n 12 PO Fes nt+(n—1)
1 n—1 r
— shown
nZ ——  (shown)
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(i) Method 1: Integration by Parts

j;\/% [2;&?] [ 2x+Tdx
~[2V2-0] -2 (x+1)? dx

1

=2J2 -2 M

= %(2—\/5) (shown)

Method 2: Algebraic Manipulation

1x+1 1
e et

G+ 1
_'fox/x+1 x/x+1dx
- [N
=[x 1)7 —(x+1) 7 e
(x+1)2  (x+1)2
N

L 2 2

1

=:§(x+1)3_z(x+1)ll
-1 28 2057 |- 20 207 |
=§(2x/§)—2\/§+%




(ii) Width of each rectangle = 1 YA y= X
n /
| B x+1
When x=—, y= 1” 1 (Height of the 1% rectangle)
n Ly
2 2
When x==, y=— 1 (Height of the 2" rectangle) B .
n 24
3 2 /
When x==, y=—72=£ (Height of the 3" rectangle) 2 3
PR e 0o L 23 !
n n n n
When x =2 , V= “ 1 (Height of the n™ rectangle)
n n

(N 2n 3e
P\ 1+n 2+n B+n = Jn+n

ﬁx/ﬁ(l 2 3 +nj

= + + +...
n’ n \/1+n \/2+n \/3+l’l \/E
1 ( 1,2 3 +Lj
n\/; \/l+n \/2+n \/3+n \/ﬂ

All the rectangles above the curve enclosed the region bounded by the curve and the x-axis and
include a small portion above the curve. Thus, the total area of all the rectangles is more than the area

1 2 3 2_\/5).

1 n 2
bounded by the curve and x-axis. Hence, + + ot >—
Y n\n [\/n+l Jn+2 n+3 \/Zn} 3(
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(@)

(b)

y=£(x)

v
=

0 1 2 3 n—1
non

n

Area of n rectangles under the above curve between x =0 and x =1,

:lf(O)+lf(lj+lf(z]+...+lf(n—_lj
n n \n) n \n n n
n—1
_1 Sf (lj
ni= \(n
Since area of n rectangles is an underestimate of / less than the actual area under curve = sz (x) dx,

L2i(z)

y=f(x)

N

3
I | w
3



(c)(i) Given that f(x)=x"+1 and n=10.

9
Lower bound of areca of 4 = LZ f (L
104 10

r
10

1&((rY
=— (— +1
1045110

=1.385

10
Upper bound of area of 4 = %Zf ( j
r=1

(©G)  From GC: | Lx2+1 dx =1.3333

Difference from J. ;x2+1 dx
1.3333-1.285  0.0483

(a) lower limit = = =3.62%
1.3333 1.3333

(b) upper limit = 1.385-1.3333 _ 0.0517 _ 3.88%
1.3333 1.3333

The lower limit is a better estimate since it has a smaller % / absolute difference from the exact

value.

MORHAL FLOAT AUTO REAL RADIAH HF n

b2 (55) 1)

257
1
AnskDec
e 10 288
|

MORHMAL FLOAT AUTO REAL RADIAN HMP n

2 (35) 1]

277
L)
AnskDec

[ |




6-2 2
i h=——=—
(@) 73
y
A y=1(x)
171 (6,1(6))
> X
0 2 2+h 2+2h 2+3h 2+4h 2+5h 6
6
Z(f(2+nh)h =f2+Mh+f2+2n)h+1t2+3Wh+f2+4h)h+1(2+5h)h+1(2+6h)h
n=1
represents the sum of areas of six rectangles drawn and the rectangles are above the curve, so it is
greater than area of 4.
5
() D (fQ+nh))h
n=0
Y
A y=1f(x)
(6, f(2))
0 2 2+h 2+2h 2+3h 2+4h 2+5h 6 -

(iii) When 4 = % , f(x)=xe"

HORHAL FLOAT AUTO REAL RADIAN HF n

+ 2
2 § [ (2025
2714, 484683
[ |




>
Lovwer bound of area of 4= 31(2--h)
n=0
5 3 Z [[2+ K][ ]]
2+ n 2
[ 2+ n e :l
n=0

Y . e k3582, 621083

3
5 2+2n
23 (2 2
3 3
~1311
(iv)
Exact area of 4
6 Uu=x fiY'ZZGX
:L xe* dx \ dx
6 6 du
_ X _ X 1 +— X
—I:xe ]2 Ledx o 1 v=e
b~z [ax0
=6e” —2e [e ]2
=6e° —2¢’ —[66 —ez]
=5¢° —¢?
(V) yA
Y=g
(6, g(6))
A
10 D 2+h 2420 2430 244K 2+5h 6
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4

(a) h:T:

.—
AW

\ (1+h,£(1+ 1))

(1+2h,£(1+2)
(1+3h,£(1+3%))

N\
\
N\
X

(1+4h,£(1+4h))
y=£f(x)

”

DA
N

N
D

0

—
N

From the diagram,

Total area of shaded rectangles < Area under the curve from
x=1tox=4

i[f(H nh)|h < Area of 4

(b) [f (14 nh)|h 7

ipg- 10~

[f(o 25+nh)|h

or

Gi)

a

+

h,£(1+h))
(1+2h,£(1+2h))
N\ EXEED)

\
\
\

or i f(4—nh)]h

or [f(1 +(n—1)h)]h y =1f(x)

k
| g
o

Wi

I
W

Q
S



(¢) When % =%, f(x)=-2In(x+1)+7

4

f(1+nh)
—21In 1+ n+1j 7}3
4

SRR

Lower bound of area of 4 =

=
l

I
= fl\lai iMb

~13.
3
Upper bound of area of A=Y _(f(1+nh)h
n=0
3
=> 21n 1+3n+1)+7 3
_—r 4 4
3
— 2ln(2+3nJ +7
Y= 4
~14.

(d) Method 1:

HORMAL FLOAT AUTO REAL RADIAN HP n

%:gl[ -21n(2+$x)+7)
..18.01871884

HORMAL FLOAT AUTO REAL RADIAN HP n

33 (-21n(2+3x)+7)
...14.39335493

YV A
b INC
< y=g(x)
0.75
y=£f(x)
0 1 4 > x

Since translation by b units in the positive y-direction will result in an increase in the area by 4
rectangles (represented by c) with each length 0.75 units and breadth b units,

Sc=4x0.75b
c=3b .



Method 2:
y=1f(x)

\’ translate b units in the positive y-direction

y=f(x)+b=g(x)

4 4
Given Y [g(l+nh)|h =Y [f(1+nh)]h+c

n=l n=l1

i[g(1+nh)]h = i[f(l+nh)+b]h

4

:i[f(1+nh)]h+2bh

n=l1 n=1

:i[f(l+nh)]h+4bh

~.c=4b(0.75)
c=3b
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(a)

4

7’2 dv= 7{’;}6

1
_ (4 44
—4(6 1)

1295
=—7
4

(b) The thickness of each circular disc is obtained by dividing x values from 1 to 6 into n equal parts,

forming n discs of equal thickness of Bl (which is the height of each cylinder)
n

1'}
T A

NSRS

When x = 1+£, radius of the 1% cylinder = (1 +§j
n n
3
5(2 5(2) )2
When x =1 +Q, radius of the 2" cylinder = (1 + ( )J
n n
3
5 3
When x=1+ ﬂ , radius of the n'" cylinder = (1 + S—ng
n
3 i 2 3 2
2 2) )2 2
V=r 1+§j ( )] (§j+...+ﬂ' (1+5—nj2 (éj
n n n n n

(3] (m@} ()]

_ 57” rnl (1+{%D3 (Shown)



(©

d Asn—>0,——>0,—54—0...V >

_7 (1+ﬂj+%2r2+12—f r3}
=1 r=l1

r=l1 n

Y4 I 15 1 15& , 125¢
=— 1 +— rooA—=S ) r+—>r
—— ——
n copies of 1 AP:a=1,
no. of terms =n

57r 75( 1 125(1) , 2
— +—| = [n(n+1)(2n+1)+ —|n"(n+1
. )n@( Jn s+ 234} a1y |
57r 25 125 2

— n+1)(2n+1)+——(n+1

e 2 s B ) 2 ey |
5—”{ 17” +£(2 +3n +1)+12—5(n +2n+1)}

n 2n 4n

57z 1711 75 25 125 125 125

— 5 + n+ +

n 2 2 2n 4 2 4n
5_7[(259 215 175}

n 4 4n

5_7[(259 430 1725]

4 n n

S.a=430, b=175

430 175 57r(259)

n n

Limitof V' = 12957

Using integration, the volume of revolution of the solid formed when R is rotated through 27 radians

about the x-axis is given by ﬁjf[f (x)]2 dx.

6 3 2
. > 1295
Thus, the volume is 7ZJ [xﬂ dx = 7[.[16 xdx = Tﬁ as found in part (a) which is the same value as
1

the limit of ¥ = 1222

. (Verified)
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(a) Width of shaded rectangle = 1

When x =1, height of shaded rectangle = ﬁ
+

Area of rectangle =

Area under graph = J‘kkl% dx:[ln(1+x)] =In(l+k)-Ink
l+x

k
f—
From the diagram, since area of rectangle is less than area under graph from k£ —1 to £,

L<ln(1+/’c)—lnk.
1+%

Area of n rectangles < actual area under the graph from x=0 to x=n
n 1 n 1

=r+l 0l1+4x

1 1 1 "
— + = o+ = 4.+ <[Inf1+x[]
2 3 4 1+n 8
&~ & - ——
area of 1st area of 2nd area of 3rd area of nth
rectangle rectangle rectangle rectangle
1 1
—+—+..+ <In(1+n) (deduced)
2 3 1+n -«
ol123 n-in x
(b) From diagram,
e
1
4 1+x
L
h——
7 S
k-1 k “x
) 1 1
When x =k -1, height of rectangle = =—
+k-1 &k

Width of rectangle = 1

Area of rectangle = 1

Since area of rectangle is more than area under graph from k—1 to &,

% >In(l+k)—Ink (shown).



Area of n rectangles > actual area under the graph from x=0 to x=n

=r+l 0l+x y
1 1 1 1 1
-+ = 4+ = 4+ >[In|l+x|] y=—"
1 2 3 n—1+1 I+x
& o &
area of 1st area of 2nd area of 3rd area of nth
rectangle rectangle rectangle rectangle
11 1 7
l+—+—+...+—>In(1+n) (deduced) /
2 n ( ) / 4 >
12 n—1n X

(©)

LV

Width of each rectangle = % :% (height of the cylinder)

To obtain underestimate, we use the x values of 0.5, 1, 1.5 and 2 to obtain the height of rectangle.

1 1
2 b a
1+0.5 1+1 1+1.5 1+2

Height of the 4 rectangles are

rotated about the x-axis)

Using the formula for volume of cylinder, the volume of the 4 cylinders that will lead to under-

)2 (0.5)

estimation

:”(1:0.5)2(0’5)+”[$T(O'S)M[HILJ(O'S)M(ﬁ

~1.52 (3 S.f.)

nd ! (which are the radii of the cylinder when
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Volume ==

J0

/'% 1 2
+cosx | dx
COS X

J 0

T
f'g 1 5
s—+cos” x+2 |dx
Jo \cos” x

n
nZ

’ (sec2 x+%(cos2x+1)+2jdx

w(y

1,. 5
tanx+Z(sm 2x)+§x}

0

y

__1
= Cosx +COSX

wa

>JV
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To verify coordinates of P:
Substitute x=2,

y=2"In2=4In2
y=-2+2+4In2=4In2
Hence the 2 graphs intersect at P(2,4In2) .

N (L4In2+1)

y=x"Inx

P(2,41n2)

y=—x+2+4In2

(2+41n2,0)

X

0 (1,0) (2,0)

2+4In2

2
Areazj. lenxdx+J. —x+2+4In2 dx

2

3 2 5.3 1 ) 2+4In2
= Znx —I o —dr+| -+ (2+4In2)x
3 o913 x 2

2

2 2
=§ln2—%-“ x2dx+{—w+(2+4ln2)2:|—[—%+2(2+4ln2)}
1

3 2 2
2+4In2
8, x|, (2rdm2y
307 313, 2

=§ln2—g+2(l+2ln2)2 ~2-8In2

=§1n2—1+2(1+41n2+4(1n2)2)—2—81n2
3779

7 8

=——+-In2+8(In2)" ..a _ 7
9 3

, b=§, c=8
9 3



_ 2In(x)
B cos(x)

(ii) From graphing calculator, the two graphs in (i) intersect at (2.52611, —2.26990) (5 d.p.) and (3.75707,
—3.24224) (5 d.p.)

3.75707 |: 2 ln ¥

Area of R :j
COS X

2.52611

~0.94708
=0.95 units. (2 d.p.)

—3cosxlnx} dx

(iii)

3.75707

Volume of § =7Z'J'

2.52611

2
{(3 cosxIn x)2 _ ( 2Inx ) } dx Volume rotated about x-axis: 7z sz y* dx

COS X

~16.968
=17.0 units’. (3 s.f.)
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(l) yA
. Y =CO0SX
=sin2x
O T #.X'
2
(ii) sin2x>cosx
Consider sin2x =cosx YA
sin2x—cosx =0 | Y =C0osX
2sinxcosx—cosx=0 sin 2
= X
cosx(2sinx—1)=0
cosx=0 or 2sinx—1=0 >
P 1 o = i X
XZE SinX:— 6 2
T
xX=—
6

From sketch, 7 < x< z
6 2

(iii)

T s s
J.Oz|sin2x—cosx| d.x:—jo6 sin2x —cos x dx+J.,r2 sin 2x —cosx dx
3

_____________________________________

T T
When €<x<3’ sin2x > cos x

1 o 1 3 i sin2x—cosx >0 !
=—[——cos2x—sinx} +{——cos2x—sinx} I ju i
2 0 2 % : When O<x<g, sin2x < cos x :
- _l_l+l_0 + l_1+l+l | sin2x—cosx <0 I
. 4 2 2 2 4 2 ) . '
(iv) | a
Volume:ﬁIOg_ccgzx—sin2 2x dx )= cosx
7 1
:”L()cos22x+l_l—c;)s4xdx s
zzj.gcost+1—(1—cos4x)dx I .
270 @ T V4 X
T 6 2

=£J.gc052x+cos4x dx
2 Jo

3 z[sin 2x sindx }6

22 4|
7B B
2|4 8
33



(a)
1 2
) e Ly = [ 2 L)ins =L av u = (Inx) v_1
x’ X X X dx x
du 1
:——(ln.X)z fzigxdx —:211’1)6'(;) <+ VZ—;
Inx)’ Inx)’
Therefore, JLI;de_J(n);) dx:(nx) +c¢ (shown)
X X X
(b) ' To find x-coordinates of points of

intersection between two graphs:

V2Inx Inx

X X
V2Ihx=hx
21nx=(lr1x)2
lnx(lnx—2)=0

Inx=0o0r Inx=2

e’ 2 R )
Volume == [ 2lnx] dx—nJ (ln_xj dx
1 1

= dx
n.} 1 'x2 X2
— s ez
o (lnx) }
X
L 1
_ | () (n1y
e’ 1
4



X
=~ dx=
.|‘\/3+2x—x2 \/3+2x—x2

(b)

Jy

=2r

=2r

=2r

=2r

=2r

=2r

=2r

=2r

—%(—2x+2)+1

Completing the square

1 —2x+2 1

= | ——dx+ | ——
2)J3+2x -7 R 4—()5—1)Z
1

3+2x—x2)2 _
RN Che k) SPST £ AP
2 1 2

2

=—\3+2x—x* +sin™" (xT_lj+ C

[0 FEEE

. G —t)\/(e’ —1)2 +(2e3j d

1

(e' —t)We* —2e' +1+4e'dt

V0

o1
(e' —t)\e* +2¢ +1dt
0

1
(e —0)y(e +1) dr
L]
3
(e -n)(e+1)dt
V0
o1
(e —te' +e' —¢t) dt
L]

1 1
I (e +¢ —1)dt— J te' dt
0 0

Integration by parts

1 1
[lez’ +e —ltz} -2 [Ze’T —| ¢ dt
2 2 0 0 0

|
?;ez +e—%}—[%+l—0}}—2n’{[el ~0]-[e']

1

0

}
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(a)
J. 2x 2 1 2x 2 1 2x . dV 2x
e'sinxdx=—e s1nx——je cos x dx u=sinx —=e
2 2 \ dx
2x
:le“sinx—l lezxcos,x—lj—ezxsinxdx d—u:cosx4— y=S
2 212 2 dx
1 2x 2 1 2x 1 2x 2 [
=—e'sinx——e cosx——je sinx dx+C dv
2 4 4 U =COSX — =™
\ dx
d . 2x
ijezxsinxdx:lez"sinx—lez"cosx+C' —uZ—Slnx‘_ y="_
4 2 4 dx
jezxsinxdx:i lez’“sinx—lez’ccosx+C'
512 4
zgez’“sinx—le2xcosx+iC'
5 5 5
1, ) 4
=3¢ (2sinx—cosx)+c, wherec:gC' (shown)
(b)
y
A
dx=nm(y+1) oz

y=e Z+/sinx
A x 2 N 2
Volume:ﬂjo{ex 2\/sinxJ dx—ﬂ_[,f (ix—lj dx
7

T

:7[]562)‘"” sin x dx—ﬁj.,f(gxz —§x+lj dx
0 T\ V4

z 3 2 2
:ﬁjoie‘”(ez"sinx) dx—ﬂ{;—g-x?—%-%+x}2 (0, 0) 4£,0

4
. 3 2 3 2
~ 2 [2esinx dx -7 SN B 2 O I N 0 e 2
e 377\ 2 7\ 2 2 377\ 4 z\ 4 4
:ﬂ{lez"(Zsinx—cosx)}2 - (zﬂ—ﬂ+zj—(iﬂ—£+zj
e” |5 0 3 2 12 4 4

V4

_— [62(2) (2 sinZ — cos£] —e (2 sin 0 —cos 0)] —Lﬂ'z
2 2 12

S5e”
) I
I e @ ()]
= 5:” [2e” +1]—L7z2
=£(2+e*’[)—i7z2 WhereA=l,B=2,C=—L
5 12 5 12
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Equation of circle:

Since x<4, x=4—49-)°
y=—5x+3/5
- 5x:y—3\/§
x:y_3\/g
-5

=7zj ——[16—8 9— 2 +(9—y2)de
0 5

2
:ﬁjﬁ(y_%/g)—(%—yz—?B 9—y2)dy

0

=31.899 units’ (3 d.p.)



ot dv
1 [ P 1 u=sim 5 E:
sinT — df =| ¢sin 1—} t- dr
J J NS du__ 1 1
1 dr 2 3
= psin 1p+ " t(9-12)2 dr 1- lj
p J, 21(9-7) 3
— Lp 1[N9-F S +—— v=I
= psin ?+5 0 3 j9-¢
2 0
9

:psin1§+[«/9—p2—\/§} S

=pSi1’1_1 §+\/9—p2 -3 (Shown)

(b) For the curve y=x7,

2
When x z y - z
en X=,—, V=I5 | =%
\/8 8 8 y:3sin(2x2)

For the curve y =3 sin(2x2) ,

When x=\/2,
8
’ 32
y=3sin| 2 \/E :3sin(£j:—
8 4 2

. I . (v
=3sin(2x?) = x* =—sin!| =
y=3sin(2x’) > [J
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Required Volume = Volume of cylinder from y = % toy=——

2 | Volume rotated about y-axis: njyz x> dy
N

+ Volume when y = x” is rotated fromy =0 to y :%

—Volume when y = 3sin(2x”) is rotated fromy =0 to y = N2
y y >

2
) (32 = z ﬂl.,ly
=7, = || ———=|+7|¥ydy—7| ? —sin” = d
(\/8}[2 8] iy dymal® gsints @
_— -

radius height

8 2 8

(32 7)) 7(zY x|32. ,1(¥) 32 ’
=—|— = |+=|=| —= sin +,09—-|— 1 -3

8 2 8] 28 20 2 3 2

32

from part (a), sub in p:T

NVY S S S 3\/5 _ \/5 9
= ——t———|—sin | — |+,/9-——-3
16 64 128 2| 2 2 2

_3\/5772_ ’ _r 32 4 +3\/I_3
16 128 2| 2 \ 4 2
3x/§7r2 . i _3\/§7z2 _3x/§7z +3_7r
16 128 16 4 2

3
= 3—7[ [1 - QJ e cubic metres

2 2 128



(¢) Using GC, points of intersection: (0,0), (1,4)

1 7
Area:J [ 8\/;3 —4x2] dx
1+x

0

=3.299901526
~3.3(1dp.)
3
(d) Volume of main structure = 3—”(1 —ﬁl T w
2 2 128

Mass of main structure

3
_|3= 1—£ ~ % 1x1463.46
2 2 | 128

=1665.403197 kg

Let 4 m be the thickness of the prism base.

Volume of prism base = 3.2999015264 m®
Mass of prism structure = 3.299901526/4x 2550 = 8414.748892h kg

Total mass = (8414.748892h+1665.403197) kg

Expected weight per square metre of the monument
(8414.748892/ +1665.403197 ) x 35t

3.299901526
=25.0155h+4.950937242

25.0155h+4.950937242 <20
h<0.60159

Hence, only if the thickness of the prism base is less than 60.159 cm, then no special foundation will be
needed. Should it be between 60.159 cm and 70 cm, a special foundation is needed. Hence, the
engineer’s claim is not correct.





